Abstract. Let M be a compact hypersurface with constant mean curvature immersed into the unit Euclidean sphere S n+1 . In this paper we derive a sharp upper bound for the first eigenvalue of the stability operator of M in terms of the mean curvature and the length of the total umbilicity tensor of the hypersurface. Moreover, we prove that this bound is achieved only for the so-called H(r)-tori in S n+1 , with r 2 ≤ (n − 1)/n. This extends to the case of constant mean curvature hypersurfaces previous results given by Wu (1993) and Perdomo (2002) for minimal hypersurfaces.
Introduction
Let M n be an n-dimensional orientable Riemannian manifold and denote by S n+1 the Euclidean sphere of constant sectional curvature one. For an isometric immersion ψ : M n → S n+1 we will denote by A its second fundamental form (with respect to a globally defined normal unit vector field N ) and by H its corresponding mean curvature, H = (1/n)tr(A). Instead of the second fundamental form, we will deal with the traceless symmetric tensor φ = A − HI, the so-called traceless second fundamental form, where I stands for the identity operator on X (M ). Observe that |φ| 2 = tr(φ 2 ) = |A| 2 − nH 2 ≥ 0, with equality if and only if M is totally umbilical. For that reason, φ is also called the total umbilicity tensor of M . As observed by Alencar and do Carmo [1] , in place of A, the tensor φ plays a fundamental role when extending results on minimal hypersurfaces to the case of constant mean curvature. For instance, by using the total umbilicity tensor φ, Alencar and do Carmo [1] obtained the following gap theorem, which extends a well-known result on minimal hypersurfaces in the Euclidean sphere [11, 5, 8] . 
On the other hand, let M be a compact minimal hypersurface in S n+1 and consider the Schrödinger operator L = −∆−|A| 2 , where ∆ is the Laplacian operator on M , and let λ L 1 stands for its first eigenvalue. In [11] Simons proved that λ 
Observe that the Schrödinger operator L is closely related to the Jacobi or stability operator J associated to the variational characterization of minimal hypersurfaces in S n+1 , which is given by J = −∆ − |A| 2 − n = L − n. In particular, their spectra are related by the fact that λ ∈ Spec(J) if and only if λ + n ∈ Spec(L), and λ
Therefore, a consequence of the result above is the following characterization of the Clifford torus by the first eigenvalue of the stability operator. ;
= −2n if and only if M is a Clifford torus in
Since the mean curvature H is constant, it easily follows from (2.1) that
where V (M ) and dv stand, respectively, for the n-dimensional volume and the volume element of M . Moreover, λ 
In particular, λ J 2 is nonpositive and vanishes if and only if M is totally umbilical. We also refer the reader to [6] for another interesting upper bound for the second eigenvalue of Schrödinger operators, given by the same authors, and its applications to the case of constant mean curvature or minimal hypersurfaces.
Remark 2.1. From a more geometrical point of view, in the case of constant mean curvature compact hypersurfaces, the stability operator J is viewed as acting on smooth functions with mean value zero because the variations under consideration preserve the enclosed volume [3] . For that reason, one can consider two different eigenvalue problems: the usual Dirichlet problem, associated with the quadratic form Q(f ) = M f J(f )dv, and the so-called twisted Dirichlet problem, associated with the same quadratic form Q(f ) on smooth functions subject to the additional condition M f dv = 0. As observed by Barbosa and Bérard [2] , both eigenvalue problems are interesting, and they have similar and related properties. For instance, it easily follows from the min-max principle that their spectra are interwined by Apart from the totally umbilical ones, the easiest constant mean curvature hypersurfaces in S n+1 are the so-called
, for a given 0 < r < 1, and taking the product immersion [1] ). Its principal curvatures are given by
which implies that its constant mean curvature is
In particular, H(r) = 0 if and only if r 2 = (n − 1)/n, which corresponds to the minimal Clifford torus. It follows from here that
where we choose the sign as − or + according to r 2 ≤ (n − 1)/n or r 2 ≥ (n − 1)/n, respectively. Moreover, |φ| 2 is given by
where we are using the same criterion for the sign. In particular, |φ| 2 = |φ| 2 0 is also constant and λ
where
and if r 2 ≥ (n − 1)/n we have
where 
|H| max |φ|.
|H| max |φ| if and only if 
Proof of Theorem 2.2
Our Theorem 2.2 will be an application of the following result concerning the first eigenvalue of the Jacobi operator J. 
where dv stands for the volume element of M n .
In order to derive Proposition 3.1, we will also need the following auxiliary result. 
Proof of Proposition 3.1. For every ε > 0, let us consider the smooth function f ε = ε + |φ| 2 . Since M n is not totally umbilic, we get lim ε→0 M f 2 ε dv = M |φ| 2 dv > 0, and we can use f ε as a test function to estimate λ J 1 . Observe that
Now let us recall the following Simons type formula for the Laplacian of |φ| 2 , which for the case of a constant mean curvature hypersurface in S n+1 reads as follows (see, for instance, [1] , taking into account the different choice of sign in their definition of φ):
Therefore, using (3.1) and (3.2), we obtain that
On the one hand, Lemma 3.2 yields
This allows us to estimate the last two terms in (3.3). On the other hand, the socalled Okumura Lemma (see [9] as well as Lemma (2.6) in [1] ) allows us to estimate the term with tr(φ 3 ) in (3.3) as follows:
Summing up, we obtain that
Thus,
Therefore, using (2.1) with f ε as a test function, we obtain that
Finally, letting ε → 0 in this last inequality we have
which completes the proof of Proposition 3.1.
Now we are ready to prove our Theorem 2.2. In fact, if M is totally umbilical in S n+1 , then |φ| 2 ≡ 0 and
, where H is constant, so that λ
, whose corresponding eigenfunctions are the constant functions. On the other hand, when M is not umbilical, we easily deduce from Proposition 3.1 that
|H| max |φ|, then |∇φ| ≡ 0, and Lemma 3.2 implies that |φ| = |φ| 0 is a positive constant. Therefore,
is constant, and
On the other hand, we also have that
Finally, from (3.5) and (3.6), it follows that
that is, |φ| 2 0 = B H , and by Theorem 1.1, we can conclude that M is an H(r)-torus
Conversely, we already know that for every H(r)-torus
, |φ| 2 is constant and λ
. The case where r 2 ≤ (n − 1)/n corresponds precisely to the case where the constant value |φ| is the positive root of P H , and in that case we have that
as desired. This finishes the proof of Theorem 2.2.
Another proof of Corollary 2.3
Our proof of Theorem 2.2 given in the previous section relies on the classical minmax characterization of λ J 1 , and it has the advantage of providing us with both a sharp inequality for λ J 1 and the characterization of the case where equality holds. In this section we would like to show how Perdomo's technique, which is based on a maximum principle, also works to characterize the equality case (Corollary 2.3) . To the authors, this is interesting because, besides providing one with an alternative proof of the equality characterization, it could serve to better understand other similar problems, as well as to have a more global perspective of our result. In order to do that, we need the following extension of Lemma 2.1 in [10] to the case of constant mean curvature. 
on U. Moreover, if equality holds at a point p ∈ U, then ∇φ(p) = 0.
Observe here that, in the case where equality holds at a point p, we are able to conclude not only that ∇φ(p) = βφ(p) for some linear function β on T p M (see Lemma 2.1 in [10] ), but that ∇φ(p) = 0 indeed. This will be key in our proof of Corollary 2.3.
Proof. Assume that M is not totally umbilical; otherwise, U = ∅ and there is nothing to do. Observe that U ⊂ M is an open subset and |φ| ∈ C ∞ (U). Therefore, writing |φ| = |φ| 2 and using the Simons type formula given at (3.2) we obtain that
on the set U of non-umbilic points of M . Let us now proceed similarly as in the proof of Proposition 3.1. By Lemma 3.2 we know that
On the other hand, by (3.4) we also have that
Therefore, using (4.2) and (4.3) into (4.1) we have
on the set U. Finally, observe that if equality holds at a point p ∈ U, then ∇φ(p) = 0 necessarily. Now we are ready to prove Corollary 2.3 by using Perdomo's technique. Let us assume that λ
|H| max |φ|. In particular, M is not totally umbilical. As is well known, the first eigenvalue λ J is generated by a first positive eigenfunction ρ ∈ C ∞ (M ). Then Jρ = λ
Observe that
Now for the smooth function f = |φ|ρ −1 defined on U, it easily follows that
and, using Lemma 4.1, a straightforward computation on U yields
Summing up, (4.6) ∆f + 2ρ −1 ∇f, ∇ρ ≥ 0 on U.
Let p 0 ∈ U be the point where the function f attains its positive maximum on M , and let Ω ⊂ U be a region around p 0 on which f is greater than some positive constant. Since the maximum of f in Ω is obtained in the interior of Ω, by (4.6) and the maximum principle we deduce that f is constant on Ω. Since M is connected, we conclude that f is a positive constant on all M = U. Therefore, ∇f = 0, ∆f = 0, and equality trivially holds in (4.6). That means that both inequalities in the computation of (4.5) must be equalities. Observe now that the first inequality in (4.5) becomes an equality if and only if equality holds in Lemma 4.1. Thus, equality in Lemma 4.1 holds at every point of M , and ∇φ = 0 on M . It follows from here that |φ| = |φ| 0 is a positive constant. Finally, since ∆|φ| = 0 = |φ| 0 P H (|φ| 0 ), we obtain that |φ| Using now the Gauss equation, one can write |φ| 2 in terms of the mean curvature H and the Gaussian curvature K of the surface as |φ| 2 = 2(1 + H 2 − K), and using now the Gauss-Bonnet theorem the formula above becomes (4.7) λ
where g denotes the genus of the surface. This extends Proposition 3.2 in [10] to the constant mean curvature case. Reasoning now as in the proof of Corollary 3.3 in [10] , formula (4.7) allows one to give a new proof of Corollary 2.3 in the case where n = 2, which is specific for the 2-dimensional case. Simply recall that M being non-totally umbilical implies that g ≥ 1, as in the minimal case.
